TAP CHi TRI THUC TRE

APMO
2026

PE BAI VA LOI GIAI

THANG 3 NAM 2026

S N e A I
SN N N O € N I I
SN N N N D N/ I I
Ty



Tap chi Tri Thiac Tré APMO 2026

Muc luc
0.1 LOLGIAL © o v v e oo e e e e e e e e 2
0.2 LOLGIAL « o o v oo e e e e e e 3
0.3 MoOtcachgidikhdc . ... ... ... ... ... . . ... ... ... 4
0.4 LOLGIAL « o o v oo e e e e e 5
0.5 LOTLGIAL « « v v oo et e e e 7
0.6 LOLGIAL + o o v oo e e e e e e e 9

Ky thi Olympic Todn hoc Chau A-Thai Binh Duong 1an tha 38 Trang 1/10



Tap chi Tri Thic Tré APMO 2026
| Bai toan 1
Tim tat ca cac b bon sé6 nguyén dwong (a,p,m, o) Vi o > 2 thda man

a! + p! = m° + 26.

Dap s6. (a,p,m,0) € {(4,3,2,2),(3,4,2,2),(5,3,10,2), (3,5,10,2)}.

Loi gidi

Khong mét tinh téng quat, gid st a > p. Néu p > 4 thi 4 | o' va 4 | p!, nén
m°® = al+p!—26 =2 (mod 4). Suy ra vy(m°) = 1. Nhung vy(m°) = ovy(m), vithé o = 1,
trai voi gia thiét. Do dé chi can xét p =1,2,3.

Truong hop p = 1. Khi d6 a! = m°+25. Hién nhién e > 5. Vi5 | a! nén 5 | m?, do do
5| m; dong thoi xét modulo 2 cho thdy m 18. Néu o chan thi m° + 25 = 2 (mod 4),
vO ly. Vio > 2, suy ra o > 3.

Do 53 | m?, ta c6 a! = 25 (mod 125), hay vs(a!) = 2. Theo cong thitc Legendre,

oo = 3]+ 3]

nén 10 < a < 14. Mat khéc, 1an luot véi a = 10,11, 12,13, 14, sO dw cua a! modulo
125 1a 50, 50, 100, 50, 75, khong sé nao bang 25. Mau thuan.

Truong hop p = 2. Khi d6 a! = m° +24vaa > 5. Néu a = 5 thi m° = 96 = 2° - 3,
khong thé la Iy thira bac o > 2. Néu a > 6 thi m° = a! — 24 = 3 (mod 9). Vi s6 mii
cua 3 trong m° phai chia hét cho o, trong khi v3(m°) = 1, ta budc phai c6 o = 1,
mau thuan.

Truong hop p = 3. Khi d6 a! = m° +20 va a > 4.
Néua=4thim°=4,doddm=o0=2. Néua =5 thi m° =100, do dé6 m = 10 va
o=2.

Gid stta > 6. Tlr 24 | a! = m°® 4 20 suy ra m chan. Néu 4 | m hoac o > 3 thi
m° +20 = 4 (mod 8), v0 ly. Trwong hop con lai la o = 2 va m = 2 (mod 4); khi ay
m°+20=m?+20=4+20=8 (mod 16), cling vo ly vi 16 | a!.

D6i vai tro cla a va p, ta thu duoc ding bén nghiém da néu.
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Bai toan 2
Cho s6 nguyén n > 2. Goi A, A,, ..., Asn 12 2" tap con cua mot tap cé n phan tu,
duoc sap theo mot thi ty tuy y. Ching minh rang
|A1 N Ag| + |Aa N Az| + -+ + [Agn_y N Agn| + [Agn N Ay > 2772
Loi giai
Céc chi s6 dudi day duoc hi€u theo modulo 2". Pat
a; = |Az N Ai+1|, C; = |Ai—1| + 2|Az| + |Ai+1’ — 2n.

Ta cé a; = |Al| + |AZ’+1| — |Al U Ai+1| > |Al| + |Ai+1| —-n, nén ai—1 + a; > c.
Néu ¢; > 1 thi, do cac dai lwong déu nguyén,

1
ai_1+ai> ¢ ; . (1)

Khi ¢; < 0, bat ddng thicc (1) hién nhién ddng. Ta chi con xét ¢; = 0.

Néu mot trong hai bat dang thicc dung dé wéc lwong a,_1,q; 1a nghiém thi g, ; +
a; > ¢; = 0,nén (1) ding. Néu ca hai déu 1a dang thirc thi |4, U4, = |4, UA; 41| = n.
Bdi vay, ca A;_; va A,,; déu chira phan bu cua A;. Hai tap nay khac nhau, nén it
nhat mot trong chung khac phan bu cta A;; do d6 né cé giao khac rong véi A,.
Suy ra a;_, + a; > 1, va (1) van dang.

Cong (1) theo i, ta duoc

2n 1 2
Z @ =5 Z(ai—l + a;)
i=1 i=1

on

1
> 1 ZZI(CZ + 1)
27L

= JA] =22
i=1

= Z k (Z) —onlpy pon—2
k=0

— 2n—1n _ 2n—1n + 2n—2

— 2n—2‘

Hoan chirng minh bai toan.
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Mot cach gidi khac

Xét mot phan tr » ctia tap hop. Khi di mot vong qua day tuan hoan A;, A,, ..., As.,
s6 cap lién tiép ma = thudc ca hai tdp bang so cap lién tiép ma = khéng thudc
tap nao. That vay, c6 dung 2! tap chira  va 2! tap khong chira z; dong thoi s6
lan chuyén tir “chita” sang “khoéng chita” bang s6 lan chuyén theo chiéu nguoc
lai.

Do dd, néu 4; la phan bu cla A;, téng can xét bang
1<
3 (AN A +[AnAL]). (2
=1

Mot s6 hang trong (2) bang 0 khi va chi khi A,,;, = A4;. Hai s6 hang lién tiép
khong thé déng thoi bang 0, vi khi d6 A, = A;.., trai v6i viéc moi tdp con chi
xudt hién moét lan. Vay trong 2" sé6 hang nguyén khéng am cua (2), ¢ nhiéu
nhat 2! s6 hang bang 0; cac s6 hang con lai it nhat bang 1. Suy ra (2) it nhat
bang 272,
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Bai toan 3

Ky hiéu R, la tap cac s6é thuc duwong. Xac dinh tat ca cdc ham so6 f: R, — R sao
cho véi moi z,y,z € Ry,

lz—yl<ly—2] = [fl&)=fWI<Ifly)-fE)| Q)

Pap so. Tat ca cac ham f(z) = ax + b, trong d6 a,b € R va a # 0.

Loi giai
Trudc hét, moi ham f(x) = ar+bvdia # 0 déu thoa man yéu cau, vi |f(u) — f(v)| =
la| [u — v|. Ta chiing minh day la tat ca cac nghiém.

T gia thiét, bang cach ddi vai tro cta z va z, ta con cé

[z =yl >y — 2l <= |f(x) = FW)] > [fy) = F(2)].

Vi thé, truong hop hai khoang céch bang nhau budc hai khoang cach anh ciling
bang nhau:

[z —yl =z —yl = |f(x) = fWI = /=) = FWl. (2)

Khang dinh 1. Ham f don anh.
Chimg minh. Gia st y # z nhung f(y) = f(z). Ldy # = y trong gia thiét, do
|z —y| =0 < |y — 2| nén phdi ¢6 0 = [f(z) — f(y)| < |f(y) — f(2)| =0, VO ly.

Khang dinh 2. Ham f bao toan trung diém, tic la

f(x—zl—Z>:f(x);'f(z) véi moi z, 2z > 0. (3)

Chtrng minh. Chi can xét x # 2. Paty = (z + 2)/2. Vi |z — y| = |z — y|, tlr (2) suy ra
|f(z) — f(y)| = |f(2) = f(y)|. Mat khé&c, Khang dinh 1 cho f(z) # f(z). Trén truc sé,
diém duy nhat cach déu hai diém phéan biét f(z), f(z) la trung di€m cta chung.
Do do (3) dung.

Khang dinh 3. Ham f lién tuc trén R,.

Chtng minh. Trudc hét, f bi chan trén moilan can da nhoé ctia mot diém bat ky.
That vay, co dinh y > 0, chonrsaocho 0 <r<yvadatz=y+r. Néu |z —y| <r
thi theo gia thiét,

|f(z) = f)l < [f(y) = f(2)].

Vi vay f bi chan trén khoang (y —r,y +r).
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Ta dung (3) dé chirng minh tinh lién tuc tai y. Chon mét khoang déng [u,v] C R,
chtta y & bén trong va mét hang s6 M > 0 sao cho |f(t)| < M véi moi t € [u,v]. V6i
h dt nhoé va s6 nguyén dwong k sao cho y + 2%k € [u,v], &p dung lién ti€p (3) cho

ta
fly+2%h) — f(y)
ok '

fly+h)—fly) =
Do do
|f(y+h)—fly)l < BT

Khi h — 0, ta ¢6 thé chon k — co ma van giit y + 2°h € [u,v]. Suy ra f(y+h) — f(y),
nén f lién tuc tai y.

Tt (3), quy nap theo phép chia do6i cho thay véi moi sé hitu ti nhi phan r = k/2™ ¢
[0,1],

f(A=rz+rz)=0-r)f(z)+rf(z). (4
Nho tinh lién tuc, (4) ding véi moi r € [0,1]. Lay hai diém cé dinh z, < z, ta thay
do thi clia f trén [z, 2] 1a doan thang néi (zo, f(x0)) Va (20, f(2)). Cac doan nhuw
vay chong 1én nhau, nén ton tai hai hang sé a,b sao cho

flx)=ax+0b voi moi z > 0.

Cuébi cung, Khang dinh 1 cho a # 0. VAy tat ca cac nghiém 1a f(z) = ax + b véi
a # 0.
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Bai toan 4

Cho tr gidc ABCD ngoai tiép duong tron w c6 tam I. Hai duwong chéo AC va BD
cat nhau tai £. Goi J la tdm duwong tron noi tiép tam gidc ABD. Tia EJ cat w tai
P. Chtimg minh rang PI 1 BD.

Loi gidi

L

Ké cac duwong kinh M N va P'Q ctia (I) sao cho M N || BDva P'Q L BD (P'A < QA).
X,Y,Z T la tiép di€m cua (I) v6i AB, BC,CD, DA.
Ta c6 tinh chat quen thudc: XY, ZT, PQ déng quy, goi diém déng quy la L.

XY va ZT lan luot la duong doi cuc cua B va D d6i véi (1), do dé L la cuc cua
BD dbi véi (I).

Tw day suy ra:
IK -TL=1M =1IN’va (LKP'Q) = —1.
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Do do K la tryc tam tam giac LM N. (1)
T (LKP'Q) = —1 suy ra:

— A s . KI K
KI-KL=KP' -K(Q (hé thic Maclaurin) = — = :Q
KP KL

PI L
P L@
PK LK

= (IKP') = (QKL). (2)

H 1a hinh chiéu cua J trén BD.
Ala tdm vi tw ngoai ctia (J) va (/) nén 4, J, I thang hang va A4, H,Q thang hang.
Ké Mz || P'Q, tir (1) va (2) suy ra:

JUIKPH)=M(QKLz) = N(QLKI) = A(QLKI) = A(HEKJ) = J(HEKA) = JUKEH)

Suy ra J, P/, E thang hang. VAy P’ trung P, ta c6 dpcm.
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Bai toan 5
Cho s6 nguyén duwong n. C6 n(n + 1) can phong duoc x€p thanh mét bang gom
(n 4+ 1) x n 0. Gitra m6i hai phong ké nhau c6 mét canh ctra. Hoi cé bao nhiéu
céch chon mot s6 ctira d€ khoéa sao cho ton tai hai phong S, G théa man:
(i) S nam & hang th nhat va G nam & hang th (n + 1);

(ii) c6 thé di tir S dén G chi qua céac ctra khong khoa.

Pap s6. 2272,

Loi gidi

Trudc hét, tam gia st moi ctra n6i hai phong trong cung hang dau tién hoac
cung hang cuodi cung déu khéng bi khéa. Gom tat ca cac phong & hang dau
thanh moét dinh A, va gom tat ca cac phong & hang cudi thanh mét dinh B. Ta
duwoc do thi G co

n(n —1) + 2 dinh va n® + (n—1)* = 2n* — 2n + 1 canh.

Cac dinh con laila v;; véi1 <i<n-—1,1<j<n.Céac canh doc duoc ky hiéu d, ;
vGi 1 <i,j <n, con cac canh ngang la e;; véi 1 <i,j <n— 1. Cu thé:

® dl,j noi A véi V1,5 va dn,j noi Un—1,j voi B;

® di,j noi Vi—1,j voi V5 j khi 2 <i1<n—1;

® € n61 Vs 5 voi Vi j+1-
MOoi trang thai khéa-md clia céc cra dang xét twong img véi mot doé thi con bao

trum # cua G: canh thudc # khi va chi khi ctra twong img khong khoéa. biéu kién
bai toan tré thanh: # cé mot duong di tir A dén B.

Goi S(G) la tap cac do thi con bao trum cua G. Dinh nghia d&nh xa f : S(G) — S(G)
bai

di,j c f(H) <~ djﬂ' §é 7’[,
€ € f(H) < € ¢ H.

Ta goi H la dat duoc néu trong H c6 duong di tir A dén B.

Khang dinh 1. Véi moi # € S(G), ta ¢é f(f(H)) = H. Dac biét, f 1a mdt song
anh.
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Chung minh. Tt dinh nghia, d;; € H khi va chi khi d;; ¢ f(#), twong duong
dij € f(f(H)). Lap luan tuong tw dung véi cac canh e; ;.

Khang dinh 2. % dat duoc khi va chi khi f(#) khong dat duoc.

Chiing minh. Ky hiéu d, ; = d;; va &;; = ¢;;. Vé hinh hoc, phép p — p chinh la: lay
canh d6i ngau cat p, réi quay toan bo hinh vuéng mét géc 90° dé€ hai dinh bién
lai tré thanh A, B.

Ta dung bé dé phan cach phang quen thudc sau: trong mot luéi hinh chit nhat,
diung mot trong hai kha nang xay ra:

e c6 mot duwong gom céc canh da chon néi bién trén véi bién dudi;

e ¢6 mot duwong trong lwdi d6i ngau, chi cat cac canh khéng dwoc chon, noi
bién trdi voi bién phai.

Hai duong nhw vay khong thé déng thoi tén tai vi ching bat budc phai cat nhau.
Néu duong thir nhat khong ton tai, 1ay hop tat ca cac 6 va dinh di duoc tir bién
trén; phan bién ngoai cua mién nay chita mét duong lién tuc tir bién trai dén
bién phai, chimg minh sy ton tai cia duong thi hai.

Ap dung bé dé cho tdp canh cta %, réi quay duong déi ngau 90°, ta thay: néu
# c6 duong tir A dén B thi f(#) khong thé c6 duong tir A dén B.

Nguoc lai, gia st # khong c6 duong tir A dén B. Goi V, 1a tap céc dinh di duoc
tlr A trong H, va E 1a tap céc canh cta G c¢6 duing mot dau mut thudc V4. Khong
canh nao cua E thudc #. Tap canh doi ngau, sau khi quay,

E:{%Idid EE}U{WJZ@LJ' EE}
nam tron trong f(#). Theo b6 dé phan céch, cac canh nay chira mot duong tir
A dén B. Do d6 f(H) dat duoc. Khang dinh 2 dugc chimg minh.
Goi N 1a s6 d6 thi con bao trum dat dwoc. Tir hai khang dinh trén,

N = |{# : f(H) dat duoc}
=[8(9)| = {# : f(H) khong dat duoc|

2_
_ 2271 2n+1 N

Suy ra N = 22°~2n,

Cudi cung, ta tra lai trang thai tuy y cho cdc clra nam ngang trong hang dau
va hang cu6i. C6 tat ca 2(n — 1) ctra nhw vay, va trang thai cua ching khéng anh
hudéng dén viéc ton tai mot duong di tir mot phong & hang dau dén mo6t phong
¢ hang cudi. Vi thé s cach can tim la

22n2—2n .92n=2 _ 22n2—2
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