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TAP CHi TRI THUC TRE BAT DANG THUC LUONG GIAC
\ = Vd 2 ~
1 Bai toan mo dau
N m 7 ~ N \ 7 A Tr 2 ~
Bai toan 1. Cho s6 nguyén duong n va cac so6 thuc a,a,,...,a, € (0, §> thoa man

T s ™
_ - _ = — ) >n—-1.
tan (ao 4> + tan (al 4> + -+ tan (an 4) >n—1 (1)
Chimg minh rang
tana,tana, ---tana, > n"*l. (2)

Thoat nhin, gia thiét 12 moét bat dang thitc vé tong, trong khi két luan lai 1a mot
bat dang thitrc vé tich. Cau néi gifta hai dang nay khéng ndm & nhiing danh gia
riéng 1é doéi v4i timg géc, ma nam trong chinh cau tric ctua cong thitc tang hiéu.
bac biét, goc % tao ra hang so 1, nho d6 biéu thic lwong gidc duoc dua vé mot
phan thic bac nhat rat can doi.

2 Phép chuan héa chu dao

bat ¢, =tana,. Via, € (0, g) ta co ¢, > 0. Cong thic tang hiéu cho

s t,—1 2
tan<.——):’ =1-— . 3
YY) T L)
Do dé, néu dat
1 1

Y“iT14t, " 1+tana,

thi 0 < u; < 1, dong thoi gia thiét (1) twong dwong vé6i

n

> (1—2u)>n—1,

=0

n—f—l—ZZuiZn—l,
i=0

zn:ui <1. (4)

Mat khac,
1— .
ti=—" (5)

U;

Nhu vay, toan b0 phan luwong gidc da duwoc tadch khdi bai todan. Diéu con lai la
mot bat d&dng thitc dai s6 trén cac s6 duwong cé té6ng khéng vuot qua 1.

B8 dé 1 (BS dé tich trén don hinh). Cho sé nguyén duong n va cac S0 ug, uy, ... , u,, >

r '
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0 théa man vy + u; + - +u, < 1. Khi dé

U;

H U; > nntl (6)
1=0

Loi giadi. Véimoii € {0,1,...,n}, tlr gid thiét ta co

Ap dung bat dadng thitc AM-GM cho n sé dwong & vé€ phai, suy ra

l—u;,>n H ;. (7)
0<j<n

i

Nhan n + 1 bat dang thic (7), tng v6ii = 0,1,...,n, ta duoc

1/n
[[a—w)zn | I] IT w
i=0 i=0 0<j<n
J#i
” 1/n
— nn—i—l (H u;b)
j=0
= phtl H ;.
7=0
Chia hai vé cho tich duwong H?:o u;, ta thu duoc (6). ]

Phép nhéan & trén la di€ém quan trong nhat ctia ching minh: méi v, bi loai khoi
dung mot tich va xuat hién trong dung » tich con lai. S6 mu » nay triét tiéu véi
can bac n, con hé s6 n cuia AM-GM xuat hién n + 1 1an, tao thanh n"*'.

3 Hai loi gidi cta bai toan
3.1 Loi giai thi nhat: dua vé bé dé dai sé

Tl (4), c4c sO ugy, uy, ... ,u, thoa méan diéu kién ctia B6 dé 1. Két hop (5) va (6), ta
co

n

tana,tana, - tana, = [ |
u.
=0 ?

1—u,
v > pntl,

Vay (2) duoc chimg minh.
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3.2 Loi gidi thu hai: st dung truc tiép bién déi xing
bat
z, = tan (ai—g) (i=0,1,..,n).

Do a, — - € (—z, z), ta co —1 < z; < 1. Gia thiét (1) tré thanh
4 44
o+, ++x, >n—1 (8)
T cong thirc tang hiéu,
tana, — 1

T, = ————,
tana, +1

1+
]__:I/.,L"

tana, =

(9)

Véi méi chi s6 4, bat dang thic (8) cho

z,>n—1— Z z,

0<j<n
JFi
0<j<n
J#i

Vil—=z; >0, ap dung AM-GM cho n s6 & vé phai, ta duoc

1+xi2n{ [T c—=). (0

0<j<n

JFi
Nhan (10) theo tat ca cac chi s6 i, roi st dung ding quy luat dém s6 lan xuat
hién nhw trong chimg minh B6 dé 1, ta suy ra

n

H (14 ;) >n”+1H 1—ux;)

1=0

Vil-—z,; >0, chia hai vé cho []_ (1 —=,) va dung (9), ta cé

Hai 10i giai thuc chat 1a hai cdch nhin ctiia cung mot phép chuén hoéa, boi

1— .

. PN oo ] A A T P
Bién z; € (—1,1) lam noi bat tinh doi xirng cua phan thuc . 2 ,conbién u,; € (0,1)
— X

i
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lam néi bat diéu kién téng > u, < 1.

4 Phan tich chinh xac dau bang

4.1 Truong hop n > 2
Trong chimg minh cua B6 dé 1, dau bang doi héi trudc hét
u0+u1+"'+un:1. (11)

Dong thoi, véi moi i, ddu bang trong AM-GM & (7) doi hoi cac s6 u; véi j # i bang
nhau. Vi ¢é it nhat ba bién, cac diéu kién nay suy ra

1
Theo (5),
tanqg, = tana; =--- =tana, =n.

Do cac goc déu thudc (O, g) dau bang xay ra khi va chi khi

ay = a; = -~ = a, = arctann.

4.2 Truong hop biénn =1

bay la treong hop can duwoc tach riéng. Pat a = a5 — % va 8 =a; — %. Khi dé

a,ﬁe(

m™T A N
0 Z>' nen cosacosp > 0, va

sin(a + B)

tan tanf=——.
%7 p COS a COS 3

Via+pe¢ <—g, g) gia thiét tan o + tan 8 > 0 twong dwong véi

a+pf>0 = a0+a12g.
Ham tang dong bién trén (0, g) do do
s 1
nay > tan (T a)) = L
tana, > ta 5 ~ 0 tana,

Suy ra tana,tana, > 1. D4u bang xay ra khi va chi khi

m
ao+a1:§.
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Nhu vay, khi n = 1, ddu bang khoéng chi xay ra tai a, = a; = % ma xay ra véi moi
cap goc duong c6 téng bang g DAy la chi tiét dé bi bd sét néu ap dung may
moc diéu kién didu bang ctua truwong hop n > 2.

5 Dang dai sé téng quat va cdc bai toan lién quan

Pinh ly 1 (Dang dai s6 téng quat). Cho s6 nguyén m > 2va cac s6 duong t,,t,, ..., t

m

thoa man

U 1

DR

— 1+t
Khi do

tity ot > (m—1)™.

Néu m > 3, ddu bang xay ra khi va chikhit, =t, ==t =m—1. Néeum = 2,

ddu bang xay ra khi va chi khi ¢z, = 1.

. = 2. - 1 . s by m A 2 A 7.
Loi giai. bat u, = T Khi do t;, = va ), u; <1. Ap dung Bo6 dé 1 voi

7 ?

n = m — 1, ta dwoc ngay két luan. Diéu kién dau bang da duwoc phan tich trong
Muc 4. u
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Dinh 1y 1 cho thdy Bai todn 1 la mot bi€u hién luwong gidc cia mot nguyén ly dai

1 . . . , . 2o
; khong vuot qua 1, thi tich cac ¢; khong thé qua

7

s6: néu téng cac dai luong
nho.
Bai toan 2 (Trudong hop ba bién). Cho z,y,z > 0 théa man

r—1 y—1 =z—-1
> 1.
r+1 y+1 =z2+1

Chimg minh rang zyz > 8.

Loi giai. Dat
1 1 1

, V= , w .
1+ 1+y 1+2

u =
Gia thiét twong dwong vdi u + v+ w < 1. Bdi vay,

l—u>v+w > 2yvw,
1—v>w+u>2v/wu,
l—w>u+v>2yuv.

Nhan ba bat dang thuc trén, ta duoc

(1—u)(1—2v)(1—w) > 8uvw.

Do do . . .
oo Lm0 =0)—w)
uvw
Dé’ubéngxéyrakhiu:vzw:%,tucmgduo*ngvé'ix:y:z:z |

™

Bai toan 3 (M6t hé qua lugng gidc bon bién). Cho a,b,c,d € (()7 2) théa man

tan (a—%) + tan (b—%) + tan (c—%) + tan (d—%) > 2.
Chirng minh rang
tanatanbtanctand > 81.

Loi giai. Day la truong hop » = 3 cua Bai toan 1. That vay, dat ¢, = tana,t, =
tanb,t; = tanc,t, = tand. Cong thic (3) bién gia thiét thanh

1 n 1 N 1 n 1 <1
14+t 1+4+t, 14ty 1+4+t,

Theo Dinh 1y 1,
titotst, > (4 —1)% = 81.

D&u bang xay ra khi tana = tanb = tanc = tand = 3, hay a = b = ¢ = d = arctan 3.
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6 Binh luan vé phuong phap

caln 2 p N A , A A , t—1
1. Vai tro cua goc /4. Vi tan% = 1, cong thuc tang hiéu tao ra phan thuc ek
A 7 \ . o~ \ 2 Vd A o~ ~2 ~2
Phan thtrc nay lai viét dwoc thanh 1 — T ding dang can thiét dé chuyén
gia thiét thanh diéu kién téng khoéng vuot qua 1.

2. Khong duoc danh gia riéng tung bién. Tw z, + 2, + -+, > n — 1, khong

~2 - ]- 7 . . Va . s 2 . . s N .

thé suy ra z; > Z—H voi moi 7. Chimg minh dung phai khai thac dong thoi

tat ca cac bién, cu thé la tach tung z,, 4p dung AM-GM cho » bién con lai roi
nhan céc bat dang thirc.

3. Vi sao khong nén ap dung Jensen truc ti€p? Néu xét f(z) = In 1 T

(—1,1), thi

trén

p B 4x
f (il?) - (1 _x2>2‘
Dao ham céap hai déi ddu tai z = 0, nén f khong 16i trén toan khoang (—1,1).
Bdi vay, mot 1ap luan Jensen truc tiép trén cac z, sé khong hop 1€ néu chua
c6 thém diéu kién bao dam z; > 0.

4. Luén kiém tra truong hop it bién. Khi » = 1, m6i 14n 4p dung AM-GM chi
c6 mot s6 hang, nén khong xuat hién diéu kién céc bién phai bang nhau. Day
chinh la nguyén nhéan khién tap hop truong hop ddu bang rong hon truong
hop n > 2.

7 Két luan

Bai todn mé& dau la moét vi du dién hinh cho viéc mot phép d6i bién phu hop c6
thé lam 10 cdu tric dai s6 an sau biéu thirc luong gidc. Hai lya chon

1

4 1+tana;

khong canh tranh v6i nhau ma bé sung cho nhau: bién z; gitt dwoc hinh déng
doi ximg cua cong thirc tang, con bién u; dwa bai todn vé mot don hinh va lam
cho phép ap dung AM-GM trd nén tw nhién. Quan trong hon, viéc theo doéi day
da diéu kién dau bang cho thay truong hop n = 1 can dwoc xt ly riéng. Pay la
mot thoi quen can thiét khi trinh bay 101 gidi bat ddng thitc mét cach chat ché.

— HET —
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