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MOT SO "MEO" BIEN POI KHI GIAI PHUONG
TRINH LUONG GIAC

Phuong trinh lugng giac la mot trong nhiing noi dung quan trong va xuyén
suot trong chuong trinh Toan trung hoc pho thong, dong thai ciing thuong
xuyén xuat hién trong cac ki thi quan trong. Tuy nhién, doi v6i nhiéu hoc sinh,
viéc giai phuong trinh luong giac van la mot kho khan khong nho, khong phai
vi phép bién doi phtic tap ma chit yéu do chua nam vimg cac hudéng bién doi
phu hop va cac ky thuat xit Iy quen thuoc.

Thuec té cho thay, rat nhiéu phuong trinh luong giac tudng ching rac roi lai co
thé duge giai quyét mot cach gon gang néu biét cach dua vé dang thich hop,
khai thac cac dang thic luong giac co ban, hoac bién doi vé phuong trinh tich.
Ngugc lai, néu thiéu dinh huéng ngay tir dau, ngudi hoc dé roi vao tinh trang
bién doi dai dong, phitc tap hodc di vao ngo cut.

Xuat phat tit nhing 1i do d6, bai viét-ndy nhim he thong lai mot s6 diém can
cha v khi giai phuong trinh luong giac, dac biét 1a cac ki thuat bién doi thuong
gap va hieu qua. Thong qua cac vi du minh hoa cu thé kem 101 giai chi tiét, bai
viét gitp nguoi doc nhan dién duge huéng giai phit hop cho ting dang toan.
Cudi bai 1a mot s6 bai tap tu luyén dé ban doc ¢6 thé cling ¢6 va van dung
nhting kién thic da trinh bay.

Hy vong rang tai lieu nay sé 1a mot nguon tham khao hitu ich, gitp hoc sinh
tiép can phuong trinh luong giac mot cach chit dong, logic va hiéu qua hon.
Khi gdp mot bai toan giai phuong trinh lugng gidc, ching ta c¢6 cac hudng bién
doi sau:

1. Puwa vé phuong trinh bac nhit déi véi sin va cosin

V6i dang nay ta can luu v mot so bién doi sau

sinz + V3cosz = 2sin (a:ig) = 2¢cos (a::F%>
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V3sinz + cosz = 2sin (x:l:%) = 2¢cos (:L':Fg>

sinx + cosx = V2sin (:1: + %) = v2cos (:13 F %)
Vi du 1. Giai phuong trinh

sin 3z — V3 cos 3z = 2sin2z. (1)

Laoi giai. Ta co

sin3x—\/§cos?>33:2sin <3x—g).
Nén PT (1) < sin (31‘—%) = sin 2z
l’zz-i-kQﬂ'
= r I (kGZ)D
YT

Vi du 2. Giai phuong trinh

sin & + cos z sin 2 + V/3 cos 3z = 2(cos 4x + sin® z)

Lai giai. Phuong trinh da cho tuong duong véi
3 .

1 3
581nx+§sin3x+\/500833: = 2cos4x+§sin:v— §sin3x

& sin 3 + \/gcos?)x = 2cosdx

< COS <3LE — %) = cos4dx

T
r=——=+ k2w

& 6 O
B 117T+k27T
T 7

2. Bién d6i vé phuong trinh chi chita mot ham sé lugng giac

V6i phuong phap nay ching ta can luu ¥ t6i mot s6 dang thic sau

1
4x:1——sin22x;

sin? + cos 5
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3
sin®z + cos®z =1 — 1 sin’ 2x;
i 2tanx 1 —tan?z
SIN20 = ————; CO820 = ———5—.
14 tan“x 1+ tan“x

Vi du 3. Giai phuong trinh

2(sin®  + cos® ) — sinx cos x

V2 —2sinz =0 ¥

V2
5
3 . 5 1 .
PT (3)<:>2 1—Zsm 2x —581n2x:0

Loi giai. Dieu kién sinz #

< 3sin?2r +sin2r —4=0<sin2z =1
(:)a::%%—/mr (k € Z).
Déi chiéu dieu kién ta c6 x = Zﬂ + 2km, n € Z la nghiém cua PT da cho. O

Vi du 4. Giai phuong trinh
1 11z . 9z

sin” 2 cos 6z 4 sin® 3z = 5= sin — sin—-. (4)
Lai giai. Ta co
. 1lz | 9x
PT (4) & (1 — cosdx) cos 6z + 1 — cos 62 = sin —sin -

11 9
< 1 — cosdrcosbr = sinTxSin;

1 1
1 - §(cos 2x 4 cos 10x) = §(coszzs — cos 10x)
& cos2r +cosr —2=0<2cos’z 4 cosz —3 =0
Scosr=1r=~Kmr ke Z U

Vi du 5. Giai phuong trinh

tan (% — ac) = 5sin’z + 1. (5)

3
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x—%) #0@%#%4—[{71
l —tanz 6tan’x + 1

l+tanz  1+tanz

& tana(7tan?z + 5tanz +2) = 0 < tana = 0

Loi giai. Dieu kién cos (

PT (5) &

sSo=kr, keZ.
Vi du 6. Giai phuong trinh
5sine —2 = 3(1 —sinz) tan®z. (6)

Lai giai. Didu kien: cosz # 0 & z £ g + k.

2

sin” x
PT (6) & 5sine — 2 = 3(1 — si
(6) sin ( smx)COSQx
L2
& bsine — 2 = 3(1 —sinx) sm'a;
l —sin“x

& (5sinz — 2)(1 + sinx) = 3sin?x

& 2sin?z +3sinz —2=0

) 1 s
<:>31nx:§:sm—

6
xzz+k27r
& b (k€ Z).

C4 hai ho nghiém nay déu thoa man diéu kién nén la hai ho nghiém ciia PT

(5). O
Vi du 7. Giai phuong trinh

V3(sin 2z 4 sinx) 4 cos 2z — cosz = 2. (7)
Loi giai.

PT (7)@008(2x—g)+sin<x—%> =1

& 2sin? (x—%)—sin(x—%) =0
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( T

sin<:z:—6>:0
<:>< ) T 1

o -

( s

x=6+k7r
@m:ngw (k€ 7). O
\$:7T—|-]€27T

3. Bién doi vé phuong trinh tich

Dé bién doi vé phuong trinh tich, ching ta can tao ra cac thita'sdé chung. Mot
s6 luu v khi tim nhan tit chung: Céc bicu thiic

o 1 +sin2x; cos2x; 1+ tanx; 1+ cotx co thira so6 chung la sinx + cos z.

e 1 —sin2x; cos2x; 1 —tanxz; 1 — cotx co thita sd chung 1a cosz — sin x.

e sin® z; tan?x c6 thita s6 chung 1a (1 — cosz)(1 + cos ).

e cos? z; cot?x c6 thita s6 chung la (1 —=sinz)(1 + sinz).
Vi du 8. Giai phuong trinh

sin (Qx — %) = sin (x — %) + ? (8)

Loi giai. Ta ¢o
: T LT T
PT (7) < sin (Zx — Z> —sin - =sin (a: — Z)

) s _ T
& 2cosrsin (93— Z) — sin <$_ _)

4
)
sin(x—%) =0
\cosx:§

4
:z::erkW

& ¢ 4 (keZ).O
\LU::lig—{—kQﬂ'
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Vi du 9. Giai phuong trinh

cos 2z — 3sin 2z + 5v/2sin (az+ %) =3. (9)

Lai giai. Ta c6

PT (9) < cos2x — 3(1 4 sin2z) + 5(sinz + cosz) = 0

& (cosx +sinz)(cosz — sinz) — 3(sinz + cosz)? + 5(sinz + cosz) = 0
& (sinx + cosx)(4dsinx +2cosx —5) =0
@sinx—%cosx:O(:)x:—%ijﬂ, keZ

(Do 42 + 22 < 52 nén PT 4sinx + 2cosz — 5 = 0 vo nghigm). O

Vi du 10. Giai phuong trinh

sin’ (g — %) tan® x — COSQg =0. (10)

Lai giai. Ditu kien: cosz #£ 0 < 2+ g k.

2

T\ sin“@
PT (10)@(1—008 <:c—§>) Coszx—(l—l—COSSL‘):O
L2
< (1 —sinx) sm.xQ — (14 cosz) =0
1 —sin“x
2

sin® x

" (1 _

T sna (I'+cosz) =0

& (1 —cos?x) — (14 cosx)(1 +sinz) =0

< (14 cosz)(cosx +sinz) =0
(
cosz = —1
< 9
\sinx—i—cosx =0

)
=7+ k27
< K . (k € Z).

=~ +k
\:1: 4+7r
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Két hop dieu kién ta co

r=m+k2r
- keZ
Tr = —Z + km
la tat ca cac nghiém ctia phuong trinh. O
Vi du 11. Giai phuong trinh
tan® x + tanx \/§ ™
= ' —). (11
tan?x + 1 2 sm(aj+4) (11)

Lai giai. Didu kien: = # g Y kr, kel
Ta c¢6 PT (11) tuong duong véi
1
cos? z(tan’ z + tanz) = §(sin T+ cos T)

& 2(sin? 2 4 sinz cos ) = sinz + cos x

& (sinx 4 cosz)(2sinz — 1) =0

(x:—%—l—k%r
sle="1kon (k. Z)
Or
r=—+4 k27
\ 6

Ca ba ho nghiem nay deu thoa diéu kien bai toan. O

Vi du 12. Giai phuong trinh

2sin2x —cos2x = Tsinx + 2cosx — 4. (12)

Lai giai. Phuong trinh (12) tuong duong véi
dsinzcosx — 1+ 2sinx — Tsinz — 2cosz +4 =0
& 2cosx(2sine — 1) 4+ (2sinx — 1)(sinz —3) =0
< (2sinx — 1)(2cosz +sinx —3) =0

7
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1 x=z+/€2ﬂ'
&sinz == & 0 (k€ 7Z)
92 T

(Vi2cosx +sinz < VBE < 3nén 2cosz +sinz — 3 # 0 v6i moi z). OJ

Mot s6 bai toan giai phuong trinh luong gidc cho moi ngudi luyén

~

tap:

1) cotz +sinx (1—|—tanxtang> = 4;
(1 —2sinz)cosx
2 = /3
) (14 2sinz)(1 —sinx) V3
3) V3 cos 5z — 2sin 3x cos 2z — sinx = 0;
4) 3cot? x +2v/2sin?x = (2 + 3v/2) cos 1;

cos? z(cosz — 1)

5) = 2(1 + sinx);
sinx + cos

6) 1+ sinz + cos x + sin 2z + cos 27 = 0;

T T 3
7 (77 §) e —3) —5 =0
) cos*z + sin*z + cos (z 7 ) sin3 — 5
8) sin® x 4 cos® z = sin 2x;

2

9) cot x — tanx + 4sin 20 = ———;

sin 2x

10) cos? 3z cos 2 — cos® z = 0.



